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O-Operators on Hom-Lie algebras
Satyendra Kumar Mishra and Anita Naolekar
Abstract. In this article, we study O-operators on hom-Lie algebras. We define a cohomol-
ogy for O-operators on hom-Lie algebras with respect to a representation. Any O-operator
induces a hom-pre-Lie algebra structure. We show that the cohomology of an O-operator can
be expressed in terms of certain hom-Lie algebra cohomology of the sub-adjacent hom-Lie
algebra associated to the induced hom-pre-Lie algebra. If the structure maps in a hom-Lie
algebra and its representation are invertible, then we can extend the above cohomology of O-
operators to a deformation cohomology by adding the space of zero cochains. Subsequently,
we study linear and formal deformations of O-operators on hom-Lie algebras in terms of the
deformation cohomology. As an application, we deduce deformations of s-Rota-Baxter oper-
ators (of weight 0) and skew-symmetric r-matrices on hom-Lie algebras as particular cases of
O-operators on hom-Lie algebras.
1. Introduction
In this article, we deal with a specific type of algebraic structures, called ‘hom-algebraic
structures’. The defining identities of such algebraic structure are twisted by endomorphisms.
The first appearance of such structures was the notion of hom-Lie algebras [12], in the context
of deformation of Witt and Virasoro algebras using a more general type of derivations known
as ‘σ-derivations’. The approach of deformations using σ-derivations yields new deformations
of Lie algebras and their central extensions. In particular, q-deformations of Witt and Virasoro
algebras (For instance, see [1,6–8,14–16,18–20]) for some of such constructions) can be described
using σ-derivations.
Our main objective is to study O-operators (also known as relative Rota-Baxter operators)
on hom-Lie algebras. In 1960, G. Baxter [3] first introduced the notion of RotaBaxter operators
for associative algebras. It is well-known that the Rota-Baxter operators have several appli-
cations in probability [3], combinatorics [5,10,17], and quantum field theory [9]. In the 1980s,
the notion of Rota-Baxter operator of weight 0 was introduced in terms of the classical Yang-
Baxter equation for Lie algebras (see [11] for more details). Later on, B. A. Kupershmidt [13]
defined the notion of O-operators as generalized Rota-Baxter operators to understand classical
Yang-Baxter equations and related integrable systems.
More recently, R. Tang and the coauthors [23] developed formal deformation theory for
O-operators on Lie algebras. They constructed a differential graded Lie algebra (dgla) and
characterize O-operators as Maurer-Cartan elements of this dgla, which in turn allows them
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to introduce deformation cohomology for O-operators. Here, we develop a cohomology for
O-operators on hom-Lie algebras. For this purpose, we follow the approach developed in [23].
In particular, we use the graded Lie algebra structure on the deformation complex of hom-Lie
algebras [2] and derived bracket construction by Voronov [24] to obtain an explicit graded Lie
algebra. We characterize O-operators on hom-Lie algebras as Maurer-Cartan elements of this
graded Lie algebra, which allows us to construct a cochain complex defining a cohomology
for an O-operator on hom-Lie algebras. We interpret this cohomology as a hom-Lie algebra
cohomology of a particular hom-Lie algebra with coefficients in a suitable representation. In
the sequel, we show that the above-mentioned cohomology of O-operators on hom-Lie algebras
can be modified to a deformation cohomology for O-operators if one considers the structure
maps to be invertible.
The section-wise summary of the paper is as follows. In Section 2, we recall some basic
definitions and results on hom-Lie algebras and their representations. We define a modified
complex for regular hom-Lie algebras with coefficients in regular representations. We charac-
terize hom-Lie algebras equipped with a representation in terms of Maurer-Cartan elements of
a graded Lie algebra (defined in [2]).
In Section 3, We define the notion of O-operators on a hom-Lie algebra with respect to a
representation. There is a graded Lie algebra structure on the deformation complex of hom-
Lie algebra, which we use to obtain a graded Lie algebra whose Maurer-Cartan elements are
O-operators on hom-Lie algebras with respect to a representation. With this characterization,
we get a differential graded Lie algebra associated to an O-operator. Consequently, we define
a cohomology for O-operators on hom-Lie algebras with respect to a representation. We show
that anO-operators T : V → g on a hom-Lie algebra (g, [ , ], α) with respect to a representation
(V, β, ρ), induces a hom-pre-Lie algebra structure on V . Furthermore, the cohomology of the
O-operator T can be given in terms of the hom-Lie algebra cohomology of the sub adjacent
hom-Lie algebra (V, [ , ]c, β) of the induced pre-Lie algebra with coefficients in a representation
(g, α, ρT ). In the case when the structure maps α and β are invertible, we define an extended
cochain complex (including 0-cochains)
(
C˜∗β,α(V, g), δβ,α
)
for the O-operator T : V → g on the
hom-Lie algebra (g, [ , ], α) with respect to the representation (V, β, ρ).
In Section 4, we discuss deformations of O-operators on hom-Lie algebras. For this section,
we consider the structure maps to be invertible for both the hom-Lie algebras and their rep-
resentations. We will see that the modified complex
(
C˜∗β,α(V, g), δβ,α
)
is not possible unless
we assume invertibility of the structure maps. This modified complex gives us a deforma-
tion cohomology of O-operators. First, we consider linear deformations of O-operators. We
discuss trivial linear deformations in terms of Nijenhuis elements. Then we consider formal
deformations of O-operators. We show that equivalent formal deformations of O-operators
have cohomologous infinitesimals. We also consider the problem of extending a finite order
deformation to the next higher order deformation.
In the last section, we consider s-Rota-Baxter operators of weight 0 and skew-symmetric
r-matrices on hom-Lie algebras as particular cases of O-operators. Consequently, we discuss
deformations of s-Rota-Baxter operators of weight 0 and skew-symmetric r-matrices on hom-
Lie algebras.
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2. Preliminaries
Throughout the paper, we consider the base field to be k with characteristic zero. All linear
maps and tensor products are taken over the field k unless otherwise stated.
2.1. Hom-Lie algebras. Let us recall some definitions and results related to hom-Lie algebras
and their representations.
Definition 2.1. A (multiplicative) hom-Lie algebra is a triplet (g, [ , ], α), where g is a vector
space equipped with a skew-symmetric bilinear map [ , ] : g⊗g→ g, and a linear map α : g→ g
satisfying α[x, y] = [α(x), α(y)] such that
(2.1) [α(x), [y, z]] + [α(y), [z, x]] + [α(z), [x, y]] = 0, for all x, y, z ∈ g.
Furthermore, if α : g → g is a vector space automorphism of g, then the hom-Lie algebra
(g, [ , ], α) is called a regular hom-Lie algebra.
Example 2.2. Given a Lie algebra g with a Lie algebra homomorphism α : g → g, we can
define a hom-Lie algebra as the triplet (g, α ◦ [ , ], α), where [ , ] is the underlying Lie bracket.
Definition 2.3. ([21]) A representation of a hom-Lie algebra (g, [ , ], α) on a k-vector space
V with respect to β ∈ End(V ) is a linear map ρ : g→ End(V ) such that
(2.2) ρ(α(x))(β(v)) = β(ρ(x)(v)),
(2.3) ρ([x, y])(β(v)) = ρ(α(x))ρ(y)(v) − ρ(α(y))ρ(x)(v),
for all x, y ∈ g and v ∈ V .
Let us denote a representation ρ on V with respect to β ∈ End(V ) by a triple (V, β, ρ).
Throughout the paper, for simplification, we use the notation
{x, v} := ρ(x)(v), for all x ∈ g, v ∈ V.
Example 2.4 ([21]). For any integer s ≥ 0, we can define the αs-adjoint representation of a
hom-Lie algebra (g, [ , ], α) on g as follows
adsx(y) := [α
s(x), y] for all x, y ∈ g.
Let us denote the αs-adjoint representation of the hom-Lie algebra (g, [ , ], α) by the triple
(g, α, ads). Also, we denote ad0x simply by adx for any x ∈ g.
Example 2.5 ([4]). Let (g, [ , ], α) be a regular hom-Lie algebra and (V, β, ρ) be a hom-Lie
algebra representation with β an invertible linear map. Let us define a map ρ⋆ : g → End(V ∗)
by
〈ρ⋆(x)(ξ), v〉 :=〈ρ∗(α(x))((β−2)∗(ξ)), v〉
=〈ξ, ρ(α−1(x))(β−2(v))〉,
for all x ∈ g and v ∈ V . Then the triplet (V ∗, (β−1)∗, ρ⋆) is a representation of the hom-Lie
algebra (g, [ , ], α) on the dual vector space V ∗ with respect to the map (β−1)∗. This is also
known as the ‘dual representation’ to (V, β, ρ).
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In particular, let us also recall that the ‘coadjoint representation’ of a regular hom-Lie algebra
(g, [ , ], α) on g∗ with respect to the map (α−1)∗ is given by the triplet (g∗, (α−1)∗, ad⋆), where
〈ad⋆(x)(ξ), y〉 = 〈ξ, [α−1(x), α−2(x)]〉, for all x, y ∈ g, ξ ∈ g∗.
Lemma 2.6. Let (g, [ , ], α) be a hom-Lie algebra and V be a vector space equipped with a
linear map β ∈ End(V ) and an action ρ : g⊗ V → V . Then, the triplet (V, β, ρ) is a hom-Lie
algebra representation on V if and only if (g⊕ V, [ , ]ρ, α+ β) is a hom-Lie algebra, where the
action ad⋆ is given by
[x+ v, y + w]ρ = [x, y] + ρ(x)(w) − ρ(y)(v),
(α+ β)(x, v) = (α(x), β(v)), for all x, y ∈ g and v,w ∈ V.
Proof. The proof of the lemma is straightforward (see [21] for details). 
The hom-Lie algebra (g⊕ V, [ , ]ρ, α+ β) is called the semi-direct product hom-Lie algebra
for a hom-Lie algebra (g, [ , ], α) with a representation (V, β, ρ).
2.2. A cochain complex for hom-Lie algebras. Let (g, [ , ], α) be a hom-Lie algebra with
a representation (V, β, ρ) on a vector space V . We define a cochain complex (C∗α,β(g, V ), δα,β)
for the hom-Lie algebra (g, [ , ], α) with coefficients in the representation (V, β, ρ). Here,
C∗α,β(g, V ) :=
⊕
n≥1
Cnα,β(g, V )
and Cnα,β(g, V ) is a subspace of Hom(∧
ng, V ) consisting of all those linear maps f : ∧ng → V,
which satisfy the following condition
f(α(x1), · · · , α(xn)) = β(f(x1, x2, · · · , xn)).
The coboundary map δα,β : C
n
α,β(g, V )→ C
n+1
α,β (g, V ) is given by
δα,βf(x1, · · · , xn+1) :=
n+1∑
i=1
(−1)i+1ρ(αn−1(xi))(f(x1, · · · , xˆi, · · · , xn+1))
+
∑
i<j
(−1)i+jf([xi, xj ], α(x1), · · · , ˆα(xi), · · · , ˆα(xj), · · · , α(xn+1))
(2.4)
for all f ∈ Cnα,β(g, V ) and x1, x2, · · · xn+1 ∈ g. Let us denote by H
∗
α,β(g, V ), the cohomology
space associated to the cochain complex (C∗α,β(g, V ), δα,β).
Remark 2.7. This cochain complex is different from the one defined in [21]. If V = g, β = α,
and the action ρ : g ⊗ V → V is given by the underlying hom-Lie bracket, then we denote
the above cochain complex by (C∗α(g, g), δα). This complex is the same as the deformation
complex of the hom-Lie algebra (g, [ , ], α) (defined in [2]). The cohomology of the complex
(C∗α(g, g), δα) serves as deformation cohomology for hom-Lie algebra.
Remark 2.8. Let (g, [ , ], α) be a regular hom-Lie algebra and (V, β, ρ) be a hom-Lie algebra
representation, where β : V → V is invertible. Then, one can define
C0α,β(g, V ) := {v ∈ V |β(v) = v},
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and the coboundary δα,β : C
0
α,β(g, V )→ C
1
α,β(g, V ) on 0-cochains is given by
δα,β(v)(x) := ρ(α
−1(x))(v), for all v ∈ C0α,β(g, V ) and x ∈ g.
Since the structure maps α and β are invertible, it follows that we have a modified cochain
complex
(
C˜∗α,β(g, V ), δα,β
)
, where
C˜∗α,β(g, V ) :=
⊕
n≥0
Cnα,β(g, V ).
We denote the associated cohomology by H˜∗α,β(g, V ).
2.3. Hom-Lie algebras and their representations in terms of Maurer-Cartan ele-
ments. Let g be a vector space equipped with a linear map α : g → g. Let us consider
the graded vector space C∗α(g; g). Then, we recall from [2] that for any ϕ ∈ C
p
α(g, g) and
ψ ∈ Cqα(g, g), a circle product ϕ ◦α ψ is defined by the following expression
(ϕ ◦α ψ)(x1, x2, . . . , xp+q+1)
=
∑
τ∈Sh(q+1,p)
(−1)|τ |ϕ
(
ψ(xτ(1), . . . , xτ(q+1)), α
q(xτ(q+2)), . . . , α
q(xτ(p+q+1)))
)
,(2.5)
where Sh(q + 1, p) denotes the set of (q + 1, p) shuffles in Sq+p+1 (the symmetric group on
the set {1, 2, · · · , q + p + 1}). For any permutation τ ∈ Sq+p+1, the notation |τ | denotes the
signature of the permutation τ .
We can define a bracket of degree −1 on the graded vector space C∗α(g, g) in terms of the
circle product
(2.6) [ϕ,ψ]αN := (−1)
pqϕ ◦α ψ − ψ ◦α ϕ.
Thus, by a degree shift we obtain a graded Lie algebra structure on C∗−1α (g, g). Hom-Lie
algebra structures on (g, α) corresponds bijectively to Maurer-Cartan elements of the graded
Lie algebra C∗−1α (g, g), i.e., the elements µ ∈ C
2
α(g, g) satisfying [µ, µ]
α
N = 0. If a hom-Lie
algebra structure (g, [ , ], α) corresponds to such an element µ ∈ C2α(g, g), one obtains a
differential graded Lie algebra structure on C∗−1α (g, g) with the differential dµ = [µ,−]
α
N . This
differential dµ coincides with the coboundary operator δα given by equation (2.4).
Let (g, α) and (V, β) be vector spaces equipped with linear operators. We now consider the
graded Lie algebra (
G∗ := C∗−1α (g⊕ V, g⊕ V ), [ , ]
α+β
N
)
associated to the pair (g ⊕ V, α + β). Let µ : ∧2(g) → g and ρ : g → End(V ) be linear maps,
then define a linear map µ+ ρ : ∧2(g⊕ V )→ g⊕ V by
µ+ ρ(x+ v, y + w) = µ(x, y) + ρ(x)(w) − ρ(y)(v), for any x, y ∈ g and v,w ∈ V.
With the above notations, we have the following proposition.
Proposition 2.9. The map µ defines a hom-Lie algebra structure on the pair (g, α) and the
map ρ defines a hom-Lie algebra representation on the pair (V, β) if and only if µ + ρ is a
Maurer-Cartan element of the graded Lie algebra
(
G∗, [ , ]α+βN
)
.
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Proof. First, let us observe that the map µ+ ρ ∈ G1 if and only if
µ+ ρ
(
α+ β(x+ v), α + β(y + w)
)
= (α+ β)
(
µ+ ρ(x+ v, y + w)
)
,
which is equivalent to the following expressions
µ(α(x), α(y)) = α
(
µ(x, y)
)
and ρ(α(x))(β(v)) = β(ρ(x)(v)), for all x, y ∈ g, v ∈ V.
Moreover, the map µ+ ρ is a Maurer-Cartan element if and only if
(2.7)
[µ + ρ, µ+ ρ]α+βN (x+ u, y + v, z +w) = −2
(
(µ+ ρ) ◦α+β (µ+ ρ)
)
(x+ u, y + v, z + w) = 0,
or equivalently
[[x, y], α(z)] + [[y, z], α(x)] + [[z, x], α(y)] = 0, for all x, y, z ∈ g
ρ([x, y])(β(w)) − ρ(α(x))ρ(y)(w) + ρ(α(y))ρ(x)(w) = 0, for all x, y ∈ g and w ∈ V.(2.8)
Note that we obtain the equation (2.8) from equation (2.7) by taking u = v = 0. Hence, the
result of the proposition follows. 
3. O-operators on hom-Lie algebras
In this section, we define the notion of s-Rota-Baxter operators and O-operators on hom-
Lie algebras. We use the graded Lie algebra structure on the deformation complex of a hom-
Lie algebra and derived bracket construction to define a graded Lie algebra whose Maurer-
Cartan elements are precisely the O-operators on hom-Lie algebras. Subsequently, we obtain
a differential graded Lie algebra associated to an O-operator.
Definition 3.1. Let (g, [ , ], α) be a hom-Lie algebra and s be a non-negative integer. Then,
a linear operator R : g→ g is called an s-Rota-Baxter operator on (g, [ , ], α) if R◦α = α ◦R
and the following identity is satisfied
[R(x),R(y)] = R([αsR(x), y] + [x, αsR(y)] + λ[x, y]), for all x, y ∈ g.
For α = Id, the Definition 3.1 coincides with the notion of Rota-Baxter operators on a Lie
algebra.
Definition 3.2. Let (g, [ , ], α) be a hom-Lie algebra and (V, β, ρ) be a hom-Lie algebra
representation. A linear map T : V → g is called an O-operator on (g, [ , ], α) with respect to
the representation (V, β, ρ) if the following conditions hold
T ◦ β = α ◦ T,
[Tu, Tv] = T
(
{Tu, v} − {Tv, u}
)
, for all u, v ∈ V.
Remark 3.3. Let us recall from Example 2.4 that for any integer s ≥ 0, the αs-adjoint rep-
resentation (g, α, ads) of a hom-Lie algebra (g, [ , ], α). Then, any s-Rota-Baxter operator of
weight 0 on the hom-Lie algebra (g, [ , ], α) is an O-operator on (g, [ , ], α) with respect to
the representation (g, α, ads). The notion of O-operators is a generalization of Rota-Baxter
operators and therefore also known as relative Rota-Baxter operator.
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Example 3.4. If α = Idg and β = IdV , then the Definition 3.2 coincides with the notion of
O-operators on a Lie algebra.
Example 3.5. Let T : V → g be an O-operator on a Lie algebra (g, [ , ]) with respect to a Lie
algebra representation ρ on V . A pair (φg, φV ) is an endomorphism of the O-operator T if
T ◦ φV = φg ◦ T and
ρ(φg(x))(φV (v)) = φV (ρ(x)(v)), for all x ∈ g, v ∈ V.
Let us consider the hom-Lie algebra (g, [ , ]φg , φg) obtained by composition, where the hom-
Lie bracket is given by
[ , ]φg := φg ◦ [ , ].
If we consider the composition ρφV := φV ◦ρ, then the triplet (V, φV , ρφV ) is a hom-Lie algebra
representation of (g, [ , ]φg , φg). Moreover,
[T (v), T (w)]φg = φg[T (v), T (w)] = φg
(
T (ρ(T (v))(w) − ρ(T (w))(v))
)
,
and
T
(
ρφV (T (v))(w) − ρφV (T (w))(v)
)
= T
(
φV (ρ(T (v))(w) − ρ(T (w))(v))
)
,
for all v,w ∈ V . Clearly, it follows that the map T : V → g is an O-operator on hom-Lie
algebra (g, [ , ]φg , φg) with respect to the hom-Lie algebra representation (V, φV , ρφV ).
The following proposition gives a characterization of an O-operator T in terms of a hom-Lie
subalgebra structure on the graph of T .
Proposition 3.6. A map T : V → g is an O-operator on (g, [ , ], α) with respect to the
representation (V, β, ρ) if and only if the graph of the map T
Gr(T ) = {(T (v), v)| v ∈ V }
is a hom-Lie subalgebra of the semi-direct product hom-Lie algebra (g⊕V, [ , ]ρ, α+β), defined
in Lemma 2.6.
It is known that O-operators on Lie algebras can be characterized in terms of the Nijenhuis
operators. In [21], Nijenhuis operators on hom-Lie algebras are defined as follows.
Definition 3.7. A linear map N : g→ g is called a Nijenhuis operator on the hom-Lie algebra
(g, [ , ], α) if
[N(x), N(y)] = N
(
[N(x), y] − [N(y), x]−N([x, y])
)
for all x, y ∈ g.
In the next result, we characterize O-operators on hom-Lie algebras in terms of the Nijenhuis
operators.
Proposition 3.8. A map T : V → g is an O-operator on (g, [ , ], α) with respect to the
representation (V, β, ρ) if and only if the operator
NT =
[
0 T
0 0
]
: g⊕ V → g⊕ V
is a Nijenhuis operator on the semi-direct product hom-Lie algebra (g⊕ V, [ , ]ρ, α+ β).
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Proof. Let us consider the following expressions, where we use definition of the map NT and
the bracket [ , ]ρ.
(3.1) [NT (x+ v), NT (y + w)]ρ = [T (v) + 0, T (w) + 0]ρ = [T (v), T (w)],
and
NT
(
[NT (x+ v), y + w]ρ − [NT (y + w), x + v]ρ −NT ([x+ v, y + w]ρ)
)
=NT
(
([T (v), y] + {T (v), w}) − ([T (w), x] + {T (w), v}) − (0 + T ({x,w} − {y, v}))
)
=T ({T (v), w} − {T (w), v}),(3.2)
for all x, y ∈ g, v, w ∈ V . By the above equations (3.1)-(3.2), it is clear that the condition
[NT (x+ v), NT (y+w)]ρ = NT
(
[NT (x+ v), y+w]ρ− [NT (y+w), x+ v]ρ−NT ([x+ v, y+w]ρ)
)
is equivalent to the condition
[T (v), T (w)] = T ({T (v), w} − {T (w), v}),
for all x, y ∈ g, v, w ∈ V . Hence, the statement of the proposition holds true. 
Definition 3.9. Let T : V → g and T ′ : V → g be two O-operators on the hom-Lie algebra
(g, [ , ], α) with respect to the representation (V, β, ρ). A homomorphism from T to T ′ is given
by a pair (φg, φv), consisting of a hom-Lie algebra homomorphism φg : g→ g and a linear map
φV : V → V such that following conditions are satisfied
(3.3) T ′ ◦ φV = φg ◦ T,
(3.4) φV ◦ β = β ◦ φV ,
(3.5) φV (ρ(x)(v)) = ρ(φg(x))(φV (v)), for all v ∈ V.
3.1. A differential graded Lie algebra. Let (g, [ , ], α) be a hom-Lie algebra with a repre-
sentation (V, β, ρ). Then, we have a graded Lie algebra(
G∗ := C∗−1α (g⊕ V, g⊕ V ), [ , ]
α+β
N
)
associated to the pair (g ⊕ V, α + β). Then, by Proposition 2.9, the hom-Lie bracket and the
representation correspond to an element µ + ρ ∈ G1 satisfying [µ + ρ, µ + ρ]α+βN = 0. Let us
define a map dµ+ρ : G
∗ → G∗+1 by
dµ+ρ := [µ+ ρ,−]
α+β
N .
By the graded Jacobi identity for the bracket [ , ]α+βN , it is clear that (G
∗, [ , ]α+βN , dµ+ρ) is a
differential graded Lie algebra.
Now, we define a graded vector space
C∗β,α(V, g) =
⊕
n≥1
Cnβ,α(V, g),
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where for each n ≥ 1, the vector space Cnβ,α(V, g) is a subspace of Hom(∧
kV, g), which consists
of all the linear maps P : ∧nV → g satisfying
α(P (v1, v2, . . . , vn)) = P (β(v1), β(v2), . . . , β(vn)), for all v1, v2, · · · , vn ∈ V.
Let us define a graded Lie bracket
{−,−} : Cnβ,α(V, g)⊗ C
m
β,α(V, g)→ C
n+m
β,α (V, g)
as follows
(3.6) {P,Q} := (−1)n[[ µ+ ρ , P ]α+βN , Q]
α+β
N
By definition of the graded Lie bracket [ , ]α+βN , the bracket {−,−} can be written as
follows:
{P,Q} (v1, v2, . . . , vn+m)
=
∑
τ∈Sm,1,n−1
(−1)|τ | P
(
{Q(vτ(1), . . . , vτ(m)), β
m−1(uτ(m+1))}, β
m(vτ(n+2)), . . . , β
m(vτ(n+m))
)
+ (−1)mn
( ∑
τ∈Sn,m
(−1)|τ |
[
αm−1P (vτ(1), . . . , vτ(n)), α
n−1Q(vτ(n+1), . . . , vτ(n+m))
]
−
∑
τ∈Sn,1,m−1
(−1)|τ | Q
(
{P (vτ(1), . . . , vτ(n)), β
n−1(uτ(n+1))}, β
n(vτ(n+2)), . . . , β
n(vτ(n+m))
))(3.7)
Here, Sr1,r2,...,ri denotes a (r1, r2, . . . , ri)-shuffle in the permutation group Sr1+r2+···+ri . The
above graded Lie bracket is obtained via the derived bracket construction, introduced by
Voronov in [24]. Moreover, for any T ∈ C1β,α(V, g), i.e. T : V → g is a linear map satisfying
T ◦ β = α ◦ T , we have
{T, T} (v1, v2) = 2
(
T{Tv1, v2} − T{Tv1, v2} − [Tv1, T v2]
)
, for all v1, v2 ∈ V.
In turn, it follows that {T, T} = 0 if and only if T : V → g is an O-operator on hom-Lie
algebra (g, [ , ], α) with respect to the representation (V, β, ρ). Thus, we have the following
theorem generalizing the Lie algebra case [23].
Theorem 3.10. The graded vector space C∗β,α(V, g) forms a graded Lie algebra with the graded
Lie bracket {−,−} . A linear map T : V → g satisfying T ◦β = α◦T is an O-operator on hom-
Lie algebra (g, [ , ], α) with respect to the representation (V, β, ρ) if and only if T ∈ C1β,α(V, g)
is a Maurer-Cartan element of the graded Lie algebra (C∗β,α(V, g), {−,−} ).
Remark 3.11. Let T : V → g be an O-operator on hom-Lie algebra (g, [ , ], α) with respect to
the representation (V, β, ρ). From Theorem 3.10, T ∈ C1β,α(V, g) is a Maurer-Cartan element
of the graded Lie algebra (C∗β,α(V, g), {−,−} ). Then, the O-operator T induces a differential
δT := {T,−} on the graded Lie algebra (C
∗
β,α(V, g), {−,−} ), which makes it a differential
graded Lie algebra.
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By remark 3.11, we associate a cochain complex (C∗β,α(V, g), δT ) to an O-operator T on a
hom-Lie algebra (g, [ , ], α) with respect to the representation (V, β, ρ). The cohomology of
this cochain complex is called the cohomology of the O-operator T .
3.2. Cohomology of O-operators in terms of hom-Lie algebra cohomology. Now, we
describe the cohomology of an O-operator on hom-Lie algebras in terms of hom-Lie algebra
cohomology of certain hom-Lie algebra with coefficients in a representation.
Let us recall that a hom-pre-Lie algebra is a triplet (V, ·, β), where V is a vector space
equipped with a bilinear map · : V ⊗ V → V and a linear map β : V → V such that
β(u · v) = β(u) · β(v), and
(u · v) · β(w)− β(u) · (v · w) = (v · u) · β(w)− β(v) · (u · w), for all u, v, w ∈ V.
An O-operator on a hom-Lie algebra induces a hom-pre-Lie algebra. In particular, we have
the following straightforward proposition.
Proposition 3.12. Let T : V → g be an O-operator on the hom-Lie algebra (g, [ , ], α) with
respect to the representation (V, β, ρ). Then, the O-operator induces a hom-pre-Lie algebra
(V, ·T , β), where ·T is given by
v ·T w = {Tv,w}, for all v,w ∈ V.
If (V, ·, β) is a hom-pre-Lie algebra, then the commutator bracket [v,w]c = v ·w−w · v gives
a hom-Lie algebra structure V cβ := (V, [ , ]
c, β). It is called the sub-adjacent hom-Lie algebra
of the hom-pre-Lie algebra (V, ·, β).
Proposition 3.13. Let T : V → g be an O-operator on the hom-Lie algebra (g, [ , ], α) with
respect to the representation (V, β, ρ). Let us define a map ρT : V → End(g) given by
ρT (v)(x) := [Tv, x] + T{x, v}, for all v ∈ V and x ∈ g.
Then, the triplet (g, α, ρT ) is a representation of the sub-adjacent hom-Lie algebra V
c
β .
Proof. First, let us show that ρT (β(v))(α(x)) = α(ρT (v)(x)). The required identity holds by
using the facts that
T ◦ β = α ◦ T and {α(x), β(v)} = β{x, v}, for all x ∈ g, v ∈ V.
In fact,
ρT (β(v))(α(x)) = [T (β(v)), α(x)] + T{α(x), β(v)}
= α([Tv, x] + T{x, v})
= α(ρT (v)(x)).
Next, we use the properties of an O-operator to obtain the following expressions:
ρT ([v,w]
c)(α(x)) = [T
(
{Tv,w} − {Tw, v}
)
, α(x)] + T{α(x), {Tv,w} − {Tw, v}}(3.8)
= [[Tv, Tw], α(x)] + T{α(x), {Tv,w} − {Tw, v}}
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ρT (β(v))ρT (w)(x) = ρT (β(v))([Tw, x] + T{x,w})(3.9)
= [T (β(v)), [Tw, x] + T{x,w}] + T{[Tw, x] + T{x,w}, β(v)}
= [T (β(v)), [Tw, x]] + T
(
{T (β(v)), {x,w}}
)
− T
(
{T ({x,w}), β(v)}
)
+ T{[Tw, x] + T{x,w}, β(v)}
= [α(T (v)), [Tw, x]] + T
(
{α(T (v)), {x,w}}
)
+ T{[Tw, x], β(v)}
Similarly,
(3.10) ρT (β(w))ρT (v)(x) = [α(T (w)), [Tv, x]] + T
(
{α(T (w)), {x, v}}
)
+ T{[Tv, x], β(w)}
Since the map ρ : g → End(V ) (denoted by {x, v} := ρ(x)(v)) is a representation of the
hom-Lie algebra (g, [ , ], α), it follows that
{α(x), {Tv,w}} − {α(T (v)), {x,w}} = {[x, Tv], β(w)},(3.11)
{α(x), {Tw, v}} − {α(T (w)), {x, v}} = {[x, Tw], β(v)}.(3.12)
Hence, by using equations (3.8)-(3.12), we get
ρT ([v,w]
c)(α(x)) = ρT (β(v))ρT (w)(x) − ρT (β(v))ρT (w)(x), for all v,w ∈ V and x ∈ g.
Thus, the triplet (g, α, ρT ) is a representation of sub-adjacent hom-Lie algebra V
c
β . 
With the above notations, let us consider the cochain complex (C∗β,α(V, g), δβ,α) of the sub-
adjacent hom-Lie algebra V cβ with coefficients in the representation (g, α, ρT ). Recall that the
differential δβ,α is given by
δβ,αP (v1, v2, . . . , vn+1)(3.13)
=
n+1∑
i=1
(−1)i+1ρT (β
n−1(vi))
(
P (v1, v2, . . . , vˆi, . . . , vn+1)
)
+
∑
i<j
(−1)i+jP ([vi, vj ]
c, β(v1), . . . , ˆβ(vi), . . . , ˆβ(vj), . . . , β(vn+1))
Thus, there are two different differentials δβ and δT := {T,−} on the graded vector spaces
C∗β,α(V, g). The following proposition shows that both of these differentials yield the same
cohomology.
Proposition 3.14. Let T : V → g be an O-operator on the hom-Lie algebra (g, [ , ], α) with
respect to the representation (V, β, ρ). Then, the differentials δβ and {T,−} on C
∗
β,α(V, g) are
related by
δT (P ) = (−1)
n{T, P} , for any P ∈ Cnβ,α(V, g) and n ≥ 1.
12 SATYENDRA KUMAR MISHRA AND ANITA NAOLEKAR
Proof. For P ∈ Cnβ,α(V, g) and n ≥ 1, we have
{T, P} (v1, v2, . . . , vn+1)
=
∑
τ∈Sn,1
(−1)|τ | T
(
{P (vτ(1), . . . , vτ(n)), β
n−1(uτ(n+1))}
)
+ (−1)n
( ∑
τ∈S1,n
(−1)|τ |
[
αn−1T (vτ(1)), P (vτ(2), . . . , vτ(n+1))
]
−
∑
τ∈S1,1,n−1
(−1)|τ | P
(
{T (vτ(1)), (uτ(2))}, β(vτ(3)), . . . , β(vτ(n+1))
))
=(−1)n
( n+1∑
i=1
(−1)i+1T{P (v1, . . . , vˆi, . . . , vn+1), β
n−1(vi)}
+
n+1∑
i=1
(−1)i+1[αn−1
(
T (vi)
)
, P (v1, . . . , vˆi, . . . , vn+1)]
+
∑
i<j
(−1)i+jP
(
{T (vi), vj} − {T (vj), vi}, β(v1), . . . , ˆβ(vi), . . . , ˆβ(vj), . . . , β(vn+1)
))
=
n+1∑
i=1
(−1)i+1ρT (β
n−1(vi))
(
P (v1, v2, . . . , vˆi, . . . , vn+1)
)
+
∑
i<j
(−1)i+jP ([vi, vj ]
c, β(v1), . . . , ˆβ(vi), . . . , ˆβ(vj), . . . , β(vn+1))
=(−1)nδT (P )(v1, v2, . . . , vn+1).

4. Deformation of O-operators on regular hom-Lie algebras
In this section, we discuss linear and formal one-parameter deformations of O-operators on
hom-Lie algebras. In this section, we always assume hom-Lie algebras to be regular and the
endomorphism in the representations to be an isomorphism.
4.1. Deformation complex of an O-operator on regular hom-Lie algebras. We define
a deformation complex of O-operators on regular hom-Lie algebras. However, we will see that
to get suitable deformation cohomology; we need to define the space of 0-cochains. For this
purpose, we consider a regular hom-Lie algebra (g, [ , ], α) with a representation (V, β, ρ), where
β : V → V is a vector space isomorphism. In this case, an O-operator T : V → g induces a
regular hom-pre-Lie algebra (V, ·T , β) and hence, the sub-adjacent hom-Lie algebra V
c
β is also
regular. Subsequently, from Remark 2.8 that we have a modified cochain complex(
C˜∗β,α(V, g) :=
⊕
n≥0
Cnβ,α(V, g), δβ,α
)
,
where the space of 0-cochains are given by
C0β,α(V, g) := {x ∈ g|α(x) = x},
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and the differential δβ,α : C
0
α,β(V, g)→ C
1
α,β(V, g) is defined by
(4.1) δβ,α(x)(v) := ρT (β
−1(v))(x) for v ∈ V, x ∈ C0β,α(V, g).
Note that in this case we can extend the bracket {−,−} defined by equation (3.7) to
C˜∗β,α(V, g). In particular, for x, y ∈ g, and P ∈ C
n
β,α(V, g), the bracket {−,−} is given by
{x, y} =[x, y],
{P, x} (v1, v2, . . . , vn) =
∑
τ∈S1,n−1
(−1)|τ | P
(
{x, β−1(vτ(1))}, vτ(2), . . . , vτ(n)
)
+ [α−1P (v1, . . . , vn), α
n−1(x)].
In particular,
(4.2) {T, x} (v) = T ({x, β−1(v)}) + [α−1T (v), (x)].
By equations (4.1) and (4.1), it is clear that δβ,α coincides with δT at 0-degree elements in
C˜∗β,α(V, g). i.e.,
δβ,α(x)(v) =ρT (β
−1(v))(x)
=[T (β−1(v)), x] + T{x, β−1(v)}
=[α−1T (v), (x)] + T ({x, β−1(v)})
={T, x} (v),
for all v ∈ V, x ∈ C0β,α(V, g). Therefore, the cohomologies of the complexes (C˜
∗
β,α(V, g), δβ,α)
and (C˜∗β,α(V, g), δT ) are the same and denoted by H˜
∗
β,α(V, g). In the sequel, we show that the
cohomology H˜∗β,α(V, g) is deformation cohomology for an O-operator on the regular hom-Lie
algebra (g, [ , ], α) with respect to a representation (V, β, ρ).
4.2. Linear deformations. Let T : V → g be an O-operator on a hom-Lie algebra (g, [ , ], α)
with respect to a representation (V, β, ρ). Let us consider a linear sum Tt := T + tT for some
element T ∈ C1β,α(V, g). If Tt is an O-operator on the hom-Lie algebra (g, [ , ], α) with respect
to the representation (V, β, ρ), then Tt is called a linear deformation of T generated by the
element T. The map Tt = T + tT is a linear deformation of T if it satisfies the following
identities
Tt ◦ β = α ◦ Tt,
[Tt(v), Tt(w)] = Tt
(
{Tt(v), w} − {Tt(w), v}
)
, for all v,w ∈ V.
Equivalently,
(4.3) T ◦ β = α ◦ T
and for all v,w ∈ V , we get
(4.4) [T (v),T(w)] + [T(v), T (w)] = T
(
{T(v), w} − {T(w), v}
)
+ T
(
{T (v), w} − {T (w), v}
)
,
(4.5) [T(v),T(w)] = T
(
{T(v), w} − {T(w), v}
)
.
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Thus, Tt is a linear deformation of T if and only if conditions (4.3)-(4.5) hold. Observe that
condition (4.4) implies that δT (T) = 0. Moreover, it follows from (4.3) and (4.5) that the
map T is an O-operator on the hom-Lie algebra (g, [ , ], α) with respect to the representation
(V, β, ρ).
Definition 4.1. Two linear deformations T 1t := T + tT1 and T
2
t := T + tT2 are said to be
equivalent if there exist an element x ∈ g such that α(x) = x and the pair (Idg + tad
†
x, IdV +
tρ(x)†) is a homomorphism of O-operators from T 1t to T
2
t .
Let us recall from Definition 3.9 that the pair (Idg + tad
†
x, IdV + tρ(x)
†) is a homomorphism
of O-operators from T 1t to T
2
t if the following conditions are satisfied
(i) The map (Idg + tad
†
x) is a hom-Lie algebra homomorphism,
(ii) β ◦ (Idg + tρ(x)
†) = (Idg + tρ(x)
†) ◦ β,
(iii) (T + tT2) ◦ (IdV + tρ(x)
†) = (Idg + tad
†
x) ◦ (T + tT1),
(iv) ρ
(
(Idg+ tad
†
x)(y)
)(
(Idg+ tρ(x)
†)(v)
)
= (Idg+ tρ(x)
†)
(
ρ(y)(v)
)
, for all y ∈ g and v ∈ V .
From the condition (i),
(Idg + tad
†
x)[y, z] = [(Idg + tad
†
x)(y), (Idg + tad
†
x)(z)], for all y, z ∈ g.
On comparing the coefficients of t2 from both sides of the above identity, we get
[[x, α−1(y)], [x, α−1(z)]] = 0, for all y, z ∈ g.
Clearly, invertibility of α implies that the element x satisfies
(4.6) [[x, y], [x, z]] = 0, for all y, z ∈ g.
Since α(x) = x, the condition (ii) holds. It easily follows that the condition (iii) is equivalent
to the following identities
(4.7) T1(v)− T2(v) = Tρ(x)(β
−1(v)) + [Tβ−1(v), x] = δT (x)(v),
(4.8) T2ρ(x)(v) = [x,T1(v)], for all v ∈ V.
The last condition (iv) implies that the element x also satisfies
ρ([x, α−1(y)])ρ(x)(β−1(v)) = 0, for all y ∈ g, v ∈ V,
equivalently, by using invertibility of α and β, we have
(4.9) ρ([x, y])ρ(x)(v) = 0, for all y ∈ g, v ∈ V.
Theorem 4.2. Let T : V → g be an O-operator. Let T 1t := T + tT1 and T
1
t := T + tT1 be two
equivalent linear deformations of T . Then, T1 and T2 belongs to the same cohomology class in
H1β,α(V, g).
Proof. The proof follows from the equation (4.7). 
Definition 4.3. Let T : V → g be an O-operator on a hom-Lie algebra (g, [ , ], α) with
respect to a representation (V, β, ρ). A linear deformation Tt : T + tT is said to be trivial if it
is equivalent to the deformation T0 = T .
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Definition 4.4. Let T : V → g be an O-operator on a hom-Lie algebra (g, [ , ], α) with respect
to a representation (V, β, ρ). An element x ∈ g is called a Nijenhuis element associated to the
operator T if x satisfies α(x) = x, the identities (4.6), (4.9), and the identity
[x, Tρ(x)(v) + [T (v), x]] = 0, for allv ∈ V.
Let us denote the set of Nijenhuis elements associated to the O-operator T by Nij(T ).
Theorem 4.5. Let T : V → g be an O-operator on a hom-Lie algebra (g, [ , ], α) with respect
to a representation (V, β, ρ). For any element x ∈ Nij(T ), the linear deformation Tt : T + tT
generated by T := δT (x) is a trivial deformation of T .
Proof. First, we need to show that Tt : T+tT is a linear deformation generated by T := δβ,α(x),
where x ∈ Nij(T ). For this purpose, we need to show that T satisfies the equations (4.3), (4.4),
and (4.5). By definition of δβ,α at 0-cochains it is clear that
α ◦ T(v) = α ◦ δβ,α(x)(v) = δβ,α(x)(β(v)) = T(β(v)), for all v ∈ V.
i.e., T satisfies the equation (4.3). Since T = δβ,α(x), the equation (4.4) holds trivially. More-
over, by using the identity α(x) = x and a straightforward calculation similar to the Lie algebra
case in [23], it follows that T satisfies the equation (4.5).
Now, we need to show that the linear deformation Tt is trivial. Since x ∈ Nij(T ), it imme-
diately follows that the pair (Idg+ tad
†
x, IdV + tρ(x)
†) is a homomorphism of O-operators from
Tt to T . 
4.3. Formal deformations. Let (g, [ , ], α) be a hom-Lie algebra with a representation
(V, β, ρ). Let k[[t]] be the formal power series ring in one variable t and g[[t]] be the for-
mal power series in t with coefficients in g. Then the triplet (g[[t]], [ , ]t, αt) is a hom-Lie
algebra, where the bracket [ , ]t and the structure map αt are obtained by extending [ , ] and
the map α linearly over the ring k[[t]]. Moreover, the map ρ : g → End(V ) and β : V → V
can be extended linearly over k[[t]] to obtain k[[t]]-linear maps ρt : g[[t]] ⊗ V [[t]] → V [[t]] and
βt : V [[t]] → V [[t]]. Then the triplet (V [[t]], βt, ρt) is a hom-Lie algebra representation of
(g[[t]], [ , ]t, αt).
Definition 4.6. Let T : V → g be an O-operator on a hom-Lie algebra (g, [ , ], α) with respect
to a representation (V, β, ρ). A formal deformation of T is given by
Tt = T0 +
∑
i≥1
tiTi, with T0 = T, Ti ∈ C
1
β,α(V, g)
such that Tt : V [[t]]→ g[[t]] is an O-operator on (g[[t]], [ , ]t, αt) with respect to the represen-
tation (V [[t]], βt, ρt).
Equivalently,
(4.10) Tt(β(v)) = α(Tt(v)),
(4.11) [Ttv, Ttw] = Tt
(
{Ttv,w} − {Ttw, v}
)
, for all u, v ∈ V.
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Note that condition (4.10) holds trivially since Ti ∈ C
1
β,α(V, g), for all i ≥ 0. For k ≥ 0, if we
compare the coefficients of tk from both sides of equation (4.11), then we obtain the following
system of equations
(4.12)
∑
i+j=k
[Tiv, Tjw] =
∑
i+j=k
Ti
(
{Tjv,w} − {Tjw, v}
)
, for k = 0, 1, 2, . . . .
The 1-cochain T1 ∈ C
1
β,α(V, g) is called the infinitesimal of the deformation Tt. More gen-
erally, if Ti = 0 for 1 ≤ i ≤ (n − 1) and Tn is a non-zero cochain, then Tn is called the
n-infinitesimal of the deformation Tt. From equation (4.12), the case k = 1 yields the expres-
sion
[T1v, Tw] + [Tv, T1w] = T1
(
{Tv,w} − {Tw, v}
)
+ T
(
{T1v,w} − {T1w, v}
)
, for all v,w ∈ V,
which is equivalent to the condition: δT (T1) = 0. Therefore, we get the following proposition.
Proposition 4.7. The infinitesimal of the deformation Tt is a 1-cocycle in the cohomology of
the O-operator T . More generally, the m-infinitesimal is a 1-cocycle.
Now, we consider the equivalence of two formal deformations of an O-operator. The defini-
tion is motivated from the Lie algebra case [23].
Definition 4.8. Two deformations Tt and T t of the O-operator T are said to be equivalent if
there exists an element x ∈ C0β,α(V, g), k-linear maps φ
g
i : g → g and φ
V
i : V → V , for i ≥ 2,
such that the pair (φgt , φ
V
t ), consisting of
φgt = Idg + t(ad
†
x) +
∑
i≥2
tiφgi and φ
V
t = IdV + tρ(x)
† +
∑
i≥2
tiφVi ,
is a formal isomorphism from Tt to T
′
t . Here, for x ∈ C
0
β,α(V, g), the maps ad
†
x : g → g and
ρ(x)† : V → V are given by
ad†x(y) := α
−1
(
adx(y)
)
and ρ(x)†(v) := β−1
(
ρ(x)(v)
)
, for y ∈ g, v ∈ V.
With the above notations, for all y, z ∈ g and v ∈ V , the equivalence of two deformations
Tt and T t gives the following conditions
(1) φgt ◦ Tt = T t ◦ φ
V
t ,
(2) φgt [y, z] = [φ
g
t (y), φ
g
t (z)],
(3) ρt(φ
g
t (y))(φ
V
t (v)) = φ
V
t
(
ρ(y)(v)
)
,
(4) φgt ◦ α = α ◦ φ
g
t and φ
V
t ◦ β = β ◦ φ
V
t .
On comparing the coefficients of t from both sides of the condition (1), we get
T1(v) − T 1(v) =Tβ
−1({x, v}) − α−1[x, Tv]
=T ({x, β−1(v)}) + [T (β−1(v)), x]
=ρT (β
−1(v))(x) = (δβ,α(x))(v)
Consequently, we obtain the following result.
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Proposition 4.9. The infinitesimals of equivalent deformations belong to the same cohomology
class in H˜2β,α(V, g).
4.4. Obstructions in extending a finite order deformation to the next order. Let a
linear map T : V → g be an O-operator on a hom-Lie algebra (g, [ , ], α) with respect to a
representation (V, β, ρ). An order n deformation of the O-operator T is given by a k[[t]]/(tn+1)-
linear map
Tt = T0 +
n∑
i=1
ti Ti, with T0 = T, Ti ∈ C
1
β,α(V, g)
such that
[Tt(v), Tt(w)] = Tt({Tt(v), w} − {Tt(w), v}) modulo t
n+1, for all v,w ∈ V.
Equivalently, ∑
i+j=k
i,j≥0
{Ti, Tj} = 0 for any k = 0, 1, . . . , n.
Definition 4.10. Let Tt = ϕ0 +
∑n
i=1 t
iTi be an order n deformation of the O-operator T . We
say that Tt extends to a deformation of order n+1 if there exists a 1-cochain Tn+1 ∈ C
1
β,α(V, g)
such that T˜t = Tt + t
n+1Tn+1 is a deformation of order n+ 1.
Let us observe that the map T˜t := Tt+ t
n+1Tn+1 is an extension of the order n deformation
Tt if and only if ∑
i+j=n+1
i,j≥0
{Ti, Tj} = 0.
Definition 4.11. Let Tt be an order n deformation of the O-operator T . Let us consider a
2-cochain ΘT ∈ C
2
β,α(V, g) defined as follows
(4.13) ΘT = −1/2
∑
i+j=n+1; i,j>0
{Ti, Tj} .
The 2-cochain ΘF is called the obstruction cochain for extending the deformation Tt of order
n to a deformation of order n + 1. From equation (4.13) and using graded Jacobi identity of
the bracket {−,−} , it follows that ΘT is a 2-cocycle.
Theorem 4.12. Let Tt be an order n deformation of T . Then the deformation Tt extends to
a deformation of order n+ 1 if and only if the cohomology class of the 2-cocycle ΘT vanishes.
Proof. Let us assume that the order n deformation Tt = ϕ0 +
∑n
i=1 t
iTi extends to a deforma-
tion of order n+1. Then, there exists an element Tn+1 ∈ C
1
β,α(V, g) such that T˜t = Tt+t
n+1Tn+1
is an extension of the deformation Tt. Thus,∑
i+j=n+1
i,j≥0
{Ti, Tj} = 0,
i.e.,
{T, Tn+1} = −
1
2
∑
i+j=n+1
i,j>0
{Ti, Tj} .
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It follows that ΘT = δT (Tn+1) = δβ,α(Tn+1). Hence, the cohomology class of ΘT vanishes.
Conversely, let us assume that ΘT is a coboundary. So, there exists a 1-cochain Tn+1 such
that
ΘT == δβ,α(Tn+1).
Define a map T˜t : V → g as follows
T˜t = Tt + t
n+1Tn+1.
Then,
ΘT = −1/2
∑
i+j=n+1
i,j>0
{Ti, Tj} = δT (Tn+1).
Since, δβ,α(Tn+1) = δT (Tn+1) = {T, Tn+1} , we obtain the following expression∑
i+j=n+1
i,j≥0
{Ti, Tj} = 0.
Therefore, the deformation Tt of order n extends to the deformation T˜t of order n+ 1. 
Corollary 4.13. Let T : V → g be an O-operator on a hom-Lie algebra (g, [ , ], α) with
respect to a representation (V, β, ρ). If H2β,α(V, g) = 0, then any 1-cocycle in C
1
β,α(V, g) is an
infinitesimal of some formal deformation of the O-operator T .
5. Applications
In this section, we describe deformations of s-Rota-Baxter operators (of weight 0) and
skew-symmetric r-matrices on hom-Lie algebras as particular cases of O-operators on hom-Lie
algebras.
5.1. Rota-Baxter Operators on hom-Lie algebras. In this subsection, we always consider
Rota Baxter operators of weight 0. Let us recall the definition of s-Rota-Baxter operator on
a hom-Lie algebra from definition 3.1. In particular, for any non-negative integer s, a linear
operator R : g → g is called an s-Rota-Baxter operator of weight 0 on a hom-Lie algebra
(g, [ , ], α) if R ◦ α = α ◦ R and the following identity is satisfied
[R(x),R(y)] = R([αsR(x), y] + [x, αsR(y)], for all x, y ∈ g.
Proposition 5.1. Let R be an s-Rota-Baxter operator on a hom-Lie algebra (g, [ , ], α). Then
R induces a hom-Lie algebra structure (g, [ , ]R, α), where the bracket [ , ]R is given by
[x, y]R = [α
sRx, y] + [x, αsRy].
Proof. From Remark 3.3 and Proposition 3.12, one obtains the induced hom-pre-Lie algebra
structure. Then the hom-Lie algebra (g, [ , ]R, α) is the sub-adjacent hom-Lie algebra to this
induced hom-pre-Lie algebra. 
From remark 3.3, any s-Rota-Baxter operator on a hom-Lie algebra (g, [ , ], α) is simply
an O-operator on (g, [ , ], α) with respect to the αs-adjoint representation. Consequently, the
results developed in Section 3 also hold for s-Rota-Baxter operators on hom-Lie algebras. More
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precisely, the αs-adjoint representation of the hom-Lie algebra (g, [ , ], α) on itself induces a
graded Lie algebra structure
(
C∗α(g, g), {−,−}
)
, as described in Subsection 3.1, and we have
the following result.
Theorem 5.2. A linear map R : g → g is an s-Rota-Baxter operator on a hom-Lie al-
gebra (g, [ , ], α) if and only if R is a Maurer-Cartan element of the graded Lie algebra(
C∗α(g, g), {−,−}
)
. Thus, an s-Rota-Baxter operator R on (g, [ , ], α) induces a differential
graded Lie algebra structure
(
C∗α(g, g), { , } , δR := {R, }
)
.
Let us observe that it follows that for a linear map R′ : g → g, the sum R + R′ is an
s-Rota-Baxter operator on (g, [ , ], α) if and only if
δR(R
′) +
1
2
{R′,R′} = 0,
i.e., R′ is a Maurer-Cartan element of the differential graded Lie algebra
(
C∗α(g, g), { , } , δR
)
.
If the hom-Lie algebra (g, [ , ], α) is regular, then one may describe linear and formal
deformations of s-Rota-Baxter operators on (g, [ , ], α), for any integer s. This description
follows from the deformation theory for O-operators in Section 4. In particular, let us write
down some definitions and results on linear deformations of s-Rota-Baxter operators.
Definition 5.3. Let R be an s-RotaBaxter operator on a regular hom-Lie algebra (g, [ , ], α).
(i) Let R : g −→ g be a linear operator. If a t-parametrized family Rt := R + tR is an
s-RotaBaxter operator on (g, [ , ], α), for all t ∈ K, then we say that R generates a linear
deformation of R.
(ii) Let R1t = R + tR1 and R
2
t := R + tR2 be two linear deformations of R generated by R1
and R2 respectively. They are said to be equivalent if there exists an x ∈ g such that α(x) = x
and the pair (Idg + tad
†
x, Idg + tρs(x)
†) is a homomorphism from R2t to R
1
t , where
ad†x(y) := α
−1[x, y] and ρs(x)
†(y) := α−1[αsx, y] for x, y ∈ g.
Let us consider the hom-Lie algebra (g, [−,−]R, α) given by proposition 5.1. From Proposi-
tion 3.13, we obtain a representation ρR : g→ End(g) given by
ρR(x)(y) := [Rx, y] +R[α
s(y), x], for all x, y ∈ g.
The triplet (g, α, ρR) is a representation of the hom-Lie algebra (g, [ , ]R, α). Then, from
Subsection 3.3, we obtain the extended cochain complex
(
C˜∗α,α(g, g), δα,α
)
(with 0-cochains)
for the hom-Lie algebra (g, [ , ]R, α) with coefficients in the representation (g, α, ρR). This
complex serves as deformation complex for an s-Rota-Baxter operator on a regular hom-Lie
algebra (g, [ , ], α). Moreover, it the following proposition holds true.
Proposition 5.4. Let R be an s-RotaBaxter operator on a hom-Lie algebra g. If R generates
a linear deformation of R, then R is a 1-cocycle. Moreover, if two linear deformations of R
generated by R1 and R2 are equivalent, then R1 and R2 determine the same cohomology class.
Definition 5.5. Let (g, [ , ], α) be a regular hom-Lie algebra and R be an s-Rota-Baxter
operator on it. Then x ∈ g is called a Nijenhuis element associated to s-Rota-Baxter operator
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R if
α(x) = x,
[x, [Ry, x] +R[x, y]] = 0, for all y ∈ g
[[x, y], [x, z]] = 0, for all y, z ∈ g.
Let us denote the set of all Nijenhuis elements associated to R by Nij(R).
Thus, it is easy to see that the Theorem 4.5 leads to the following result.
Proposition 5.6. Let R be an s-RotaBaxter operator on a regular hom-Lie algebra (g, [ , ], α).
If R generates a trivial linear deformation of R, then it induces a Nijenhuis element. Con-
versely, for any Nijenhuis element x ∈ Nij(R), the linear sum Rt = R+ tR with R = δ
s
α(x) is
a trivial linear deformation of R.
Note that one can also deduce results on formal deformations of s-Rota-Baxter operators
(of weight 0) on regular hom-Lie algebras following the results in Subsection 4.3.
5.2. Skew-symmetric r-matrices on regular hom-Lie algebras. Let (g, [ , ], α) be a
regular hom-Lie algebra. Here, we need to take α invertible since we are going to use the
coadjoint representation, defined in Example 2.5. It is known that (∧∗g, [ , ]g, α˜) is a graded
hom-Lie algebra, where the graded hom-Lie bracket is given by
[x1 ∧ · · · ∧ xn, y1 ∧ · · · ∧ ym]g
=
n∑
i=1
m∑
j=1
(−1)i+j [xi, yj ] ∧ (α(x1) ∧ · · · α̂(xi) ∧ · · · ∧ α(xn) ∧ α(y1) ∧ · · · α̂(yj) ∧ · · · ∧ α(ym)),
and the map α˜ : ∧∗g→ ∧∗g is defined by
α˜(x1 ∧ x2 ∧ · · · ∧ xn) = α(x1) ∧ α(x2) ∧ · · · ∧ α(xn),
for all x1, · · · , xn, y1, · · · , ym ∈ g. Let us now consider a graded vector space H := ⊕n≥1H
n,
where
Hn := {χ ∈ ∧ng | α˜(χ) = χ}.
If we restrict the bracket [ , ]g on H, then we get a graded Lie algebra (H, [ , ]g).
A skew-symmetric r-matrix [26] on the hom-Lie algebra (g, [ , ], α) is an element r ∈ H2,
which satisfies the identity [r, r]g = 0. In other words, r-matrices on hom-Lie algebra (g, [ , ], α)
are Maurer-Cartan elements of the associated graded Lie algebra (H, [ , ]g).
Any element r ∈ g⊗g corresponds to an operator r♯ : g∗ → g and vice versa by the following
expression
(5.1) 〈ξ, r♯(η)〉 = 〈ξ ⊗ η, r〉, for all ξ, η ∈ g∗.
The skew-symmetry of r is equivalent to
〈ξ, r♯(η)〉 + 〈η, r♯(ξ)〉 = 0.
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Let r ∈ H2 and it is given by
(5.2) r =
∑
i
(xi ⊗ yi − yi ⊗ xi), for some xi, yi ∈ g.
Then, the condition [r, r]g = 0 is equivalent to
[r12, r13] + [r12, r23] + [r13, r23] = 0,
where,
[r12, r13] =
∑
i
∑
j
[xi, xj]⊗ y˜i ⊗ y˜j − [xi, yj ]⊗ y˜i ⊗ x˜j − [yi, xj]⊗ x˜i ⊗ y˜j + [yi, yj ]⊗ x˜i ⊗ x˜j ,
[r12, r13] =
∑
i
∑
j
x˜i ⊗ [yi, xj]⊗ y˜j − x˜i ⊗ [yi, yj ]⊗ x˜j − y˜i ⊗ [xi, xj ]⊗ y˜j + y˜i ⊗ [xi, yj]⊗ x˜j,
[r13, r23] =
∑
i
∑
j
x˜i ⊗ x˜j ⊗ [yi, yj ]− x˜i ⊗ y˜j ⊗ [yi, xj ]− y˜i ⊗ x˜j ⊗ [xi, yj] + y˜i ⊗ y˜j ⊗ [xi, xj ],
and x˜ := α(x). Moreover, the condition α⊗2r = r implies that
〈ξ, r♯(η)〉 = 〈ξ ⊗ η, α⊗2r〉 = 〈α∗(ξ)⊗ α∗(η), r〉 = 〈α∗(ξ), r♯(α∗(η))〉 = 〈ξ, α ◦ r♯ ◦ α∗(η)〉,
for all ξ, η ∈ g∗. i.e., the operator r♯ : g∗ → g satisfies
(5.3) α ◦ r♯ = r♯ ◦ (α−1)∗.
Next, we show that equation (5.1) defines a bijective correspondence between r-matrices on
a hom-Lie algebra (g, [ , ], α) and O-operators on the hom-Lie algebra (g, [ , ], α) with respect
to the coadjoint representation (g∗, (α−1)∗, ρ⋆). We denote ρ⋆(x)(ξ) simply by {x, ξ}, for all
x ∈ g and ξ ∈ g∗.
For ξ, η ∈ g∗, we get
[r♯(α∗ξ), r♯(α∗η)](5.4)
=
∑
i
∑
j
[〈α∗ξ, yi〉xi − 〈α
∗ξ, xi〉yi, 〈α
∗η, yj〉xj − 〈α
∗η, xj〉yj]
=
∑
i
∑
j
(
〈ξ, α(yi)〉〈η, α(yj)〉[xi, xj ]− 〈ξ, α(yi)〉〈η, α(xj )〉[xi, yj]
− 〈ξ, α(xi)〉〈η, α(yj)〉[yi, xj] + 〈ξ, α(xi)〉〈η, α(xj)〉[yi, yj ]
)
=− (〈ξ, 〉 ⊗ 〈η, 〉 ⊗ Idg)([r
13, r23]).
Note that by the equations (5.1), (5.2), and the condition α⊗2r = r, we obtain
r♯(η) =
∑
i
〈η, yi〉xi − 〈η, xi〉yi =
∑
i
〈η, α(yi)〉α(xi)− 〈η, α(xi)〉α(yi).
22 SATYENDRA KUMAR MISHRA AND ANITA NAOLEKAR
Then, for all ξ, η ∈ g∗, we have the following identity
r♯({r♯(α∗ξ), α∗η})(5.5)
=r♯
(∑
i
(
〈α∗ξ, yi〉{xi, α
∗η} − 〈α∗ξ, xi〉{yi, α
∗η}
))
=
∑
j
∑
i
(
〈ξ, α(yi)〉
(
〈{xi, α
∗η}, α(yj)〉α(xj)− 〈{xi, α
∗η}, α(xj)〉α(yj)
)
− 〈ξ, α(xi)〉
(
〈{yi, α
∗η}, α(yj)〉α(xj)− 〈{yi, α
∗η}, α(xj)〉α(yj)
))
=
∑
j
∑
i
(
〈ξ, α(yi)〉
(
〈η, [xi, yj ]〉α(xj)− 〈η, [xi, xj ]〉α(yj)
)
− 〈ξ, α(xi)〉
(
〈η, [yi, yj ]〉α(xj)− 〈η, [yi, xj ]〉α(yj)
))
=− (〈ξ, 〉 ⊗ 〈η, 〉 ⊗ Idg)([r
12, r13]).
Similarly,
r♯({r♯(α∗η), α∗ξ}) = (〈ξ, 〉 ⊗ 〈η, 〉 ⊗ Idg)([r
12, r13]).(5.6)
Therefore,〈
ξ ⊗ η ⊗ γ, [r, r]g
〉
=
〈
γ, [r♯(α∗ξ), r♯(α∗η)] − r♯({r♯(α∗ξ), α∗η} − {r♯(α∗η), α∗ξ})
〉
,
for all ξ, η, γ ∈ g∗. Hence, we have the following result.
Theorem 5.7. Let (g, [ , ], α) be a regular hom-Lie algebra. Then, an element r ∈ H2 is
an r-matrix on the regular hom-Lie algebra (g, [ , ], α) if and only if the associated operator
r♯ : g∗ → g, defined by equation (5.1), is an O-operator on hom-Lie algebra (g, [ , ], α) with
respect to the coadjoint representation (g∗, (α−1)∗, ρ⋆).
Remark 5.8. There is another version of r-matrix defined in [4]. Here, we followed the version
defined in [26] to derive a connection between O-operators and r-matrices on regular hom-Lie
algebras (Theorem 5.7). Also, we refer to [26] for more details on hom-Yang-Baxter equations.
If r is an r-matrix on the regular hom-Lie algebra (g, [ , ], α), then from Theorem 5.7
r♯ : g∗ → g is an O-operator on hom-Lie algebra (g, [ , ], α) with respect to the coadjoint
representation (g∗, (α−1)∗, ρ⋆). Thus, from Proposition 3.12, the triplet (g∗, [ , ]r, (α
−1)∗) is
the induced sub-adjacent hom-Lie algebra with the bracket
[ξ, η]r := ad
∗
r♯(ξ)η − ad
∗
r♯(η)(ξ) = {r
♯(η), ξ} − {r♯(ξ), η}, for all ξ, η ∈ g∗.
Moreover, from Proposition 3.13, it follows that (g, α, ρr) is a representation of the hom-Lie
algebra (g∗, [ , ]r, (α
−1)∗), where the map ρr : g
∗ → End(g) is given by
ρr(ξ)(x) = [r
♯(ξ), x] + r♯{x, ξ} for all ξ ∈ g∗, x ∈ g.
It is also clear that the induced representation ρr : g
∗ → End(g) is the same as the coadjoint
representation ad∗ : g∗ → End(g) of the hom-Lie algebra (g∗, [ , ]r, (α
−1)∗) on the pair (g, α).
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In fact,
〈η, ρr(ξ)(x)〉 = 〈η, r
♯{x, ξ}+ [r♯(ξ), x]〉
= −〈{x, ξ}, r♯(η)〉 − 〈η, [x, r♯(ξ)]〉
= −〈{x, ξ}, α(r♯(α∗η))〉 − 〈η, [x, r♯(ξ)]〉
=
〈
ξ, α−1[x, r♯(α∗η)]
〉
− 〈η, [x, r♯(ξ)]〉
= 〈{r♯(α∗η), ξ} − {r♯(ξ), α∗η}, α(x)〉
= 〈[(α∗)2(η), α∗ξ]r, x〉
= 〈η, ad∗ξ(x)〉, for all x ∈ g, ξ, η ∈ g
∗.
In [23], the authors define the notion of a weak morphism of r-matrices. Now, we extend
this notion to r-matrices on hom-Lie algebras.
Definition 5.9. Let r1, r2 be skew-symmetric r-matrices on a hom-Lie algebra (g, [ , ], α).
A pair (φ,ψ), consisting of a hom-Lie algebra homomorphism φ : g → g and a linear map
ψ : g→ g, is said to be a weak homomorphism from r1 to r2 if the following conditions hold
a) ψ ◦ α = α ◦ ψ,
b) (ψ ⊗ Idg)(r1) = (Idg ⊗ φ)(r2),
c) ψ([φ(x), y]) = [x, ψ(y)], for all x, y ∈ g.
A weak homomorphism (φ,ψ) is called a ‘weak isomorphism’ if φ and ψ are linear automor-
phisms on g.
The following result establishes the relationship between weak homomorphisms between r-
matrices on hom-Lie algebras and homomorphisms between the corresponding O-operators on
hom-Lie algebras with respect to the coadjoint representation.
Proposition 5.10. Let r1, r2 be skew-symmetric r-matrices on a hom-Lie algebra (g, [ , ], α).
A pair (φ,ψ) is a weak homomorphism from r1 to r2 if and only if (φ,ψ
∗) is a homomorphism
of O-operators from r♯1 to r
♯
2.
Proof. First, let us observe that any skew-symmetric r-matrix r ∈ H2, given by
r =
∑
i
(ai ⊗ bi − bi ⊗ ai) for some ai, bi ∈ g,
can also be written as a sum r =
∑
j(a
′
j ⊗ b
′
j) by changing the indexing. Let r1 =
∑
i xi ⊗ yi
and r2 =
∑
i x
′
i ⊗ y
′
i be skew-symmetric r-matrices. The associated O-operators are given by
r1
♯ =
∑
i
〈ξ, xi〉yi and r
♯
2 =
∑
j
〈ξ, x′j〉y
′
j, for ξ ∈ g
∗.
Let the pair (φ,ψ) be a weak homomorphism from r1 to r2. Then, the map φ : g → g is a
hom-Lie algebra homomorphism, ψ ◦ α = α ◦ ψ, and the following conditions are satisfied
(5.7) (ψ ⊗ Idg)(r1) = (Idg ⊗ ψ)(r2),
(5.8) ψ([φ(x), y]) = [x, ψ(y)], for all x, y ∈ g.
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Let us note that ψ ◦ α = α ◦ ψ if and only if ψ∗ ◦ (α−1)∗ = (α−1)∗ ◦ ψ∗. Next, we show that
the conditions (5.7) and (5.8) hold if and only if the following conditions (5.9) and (5.10) hold
true, respectively.
(5.9) r♯2 ◦ ψ
∗ = φ ◦ r♯1,
(5.10) ψ∗({x, ξ}) = {φ(x), ψ∗(ξ)}, for all x, y ∈ g.
In order to show the desired result, let us consider the following expressions
〈ξ ⊗ η, (Idg ⊗ φ)(r1)〉 =
∑
i
〈ξ, xi〉〈η, φ(yi)〉 = 〈η, φ(
∑
i
〈ξ, xi〉yi〉 = 〈η, φr
♯
1(ξ)〉
and
〈ξ ⊗ η, (ψ ⊗ Idg)(r2)〉 =
∑
j
〈ξ, ψ(x′j)〉〈η, y
′
j〉 = 〈η,
∑
j
〈ψ∗ξ, x′j〉y
′
j〉 = 〈η, r
♯
2(ψ
∗ξ)〉.
Therefore, the condition (5.7) holds if and only if the condition (5.9) holds true. Moreover,
the identities ψ ◦ α = α ◦ ψ and φ ◦ α = α ◦ φ implies that
〈ξ, ψ[y, φ(x)]〉 =
〈
ψ∗(ξ), [y, φ(x)]
〉
= 〈{αφ(x), ψ∗(ξ)}, α2(y)〉 = 〈{φ(α(x)), ψ∗(ξ)}, α2(y)〉,
〈ξ, [ψ(y), x]〉 = 〈{α(x), ξ}, α2(ψ(y))〉 = 〈{α(x), ξ}, ψα2(y)〉 = 〈ψ∗{α(x), ξ}, α2(y)〉.
Since α is an automorphism, it follows that the condition (5.8) holds if and only if the condition
(5.10) holds true.
In other words, we can conclude that (φ,ψ) is a weak homomorphism from r1 to r2 if and
only if φ is a hom-Lie algebra homomorphism, ψ∗ ◦ (α−1)∗ = (α−1)∗ ◦ ψ∗, and the conditions
(5.9), (5.10) are satisfied. Equivalently, from the definition 3.9, it follows that (φ,ψ) is a weak
homomorphism from r1 to r2 if and only if the pair (φ,ψ
∗) is a morphism of O-operators from
r♯1 to r
♯
2. 
Definition 5.11. Let r be a skew-symmetric r-matrix on a regular hom-Lie algebra (g, [ , ], α).
Let us consider a linear sum rt := r + tτ ∈ H
2 for some τ ∈ H2. If rt is a skew-symmetric
r-matrix on the hom-Lie algebra (g, [ , ], α), then it is called a linear deformation generated
by the element τ ∈ H2.
Definition 5.12. Let r be a skew-symmetric r-matrix on a regular hom-Lie algebra (g, [ , ], α).
Then, linear deformations r1t := r + tτ1 and r
2
t := r + tτ2, generated by elements τ1 and τ2
in H2 are equivalent if there exists an element x ∈ g satisfying α(x) = x such that the pair
(Id+ tad†x, Id− tad
†
x) is a weak homomorphism from r
2
t to r
1
t .
Proposition 5.13. Let (g, [ , ], α) be a hom-Lie algebra and r ∈ H2 be a skew-symmetric
r-matrix on (g, [ , ], α). Then,
(1) An element τ ∈ H2 generates a linear deformation of r if and only if the induced map
τ ♯ : g∗ → g generates a linear deformation of the O-operator r♯.
(2) Linear deformations r1t := r + tτ1 and r
2
t := r + tτ2 are equivalent if and only if the
linear deformations (r1t )
♯ and (r2t )
♯ of the O-operator r♯ are equivalent.
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Formal deformations of r-matrices. Let r ∈ H2 be a skew-symmetric r-matrix on a hom-
Lie algebra (g, [ , ], α). A formal sum rt := r +
∑
i≥1 t
iri is called a formal deformation of r if
it satisfies
[[rt, rt]]gt = 0.
Here, rt ∈ ∧
2g[[t]] and the bracket [[ , ]]gt is the Lie bracket on the exterior algebra ∧
∗g[[t]].
Next, it easily follows that
(1) A formal sum rt := r +
∑
i≥1 t
iri is a formal deformation of r if and only if the induced
map r♯t := r
♯ +
∑
i≥1 t
ir♯i is a formal deformation of the O-operator r
♯.
(2) The formal deformations r1t := r +
∑
i≥1 t
ir1i and r
2
t := r +
∑
i≥1 t
ir2i are equivalent if
and only if the formal deformations (r1t )
♯ and (r1t )
♯ of the O-operator r♯ are equivalent.
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